Novel forms of beam generation and propagation based on structured light [1, 2, 3, 4, 5] and orbital angular momentum (OAM) [6, 7, 8, 9, 10, 11, 12] have gained significant interest over the past several years. Indeed, dynamic OAM can manifest at a given propagation distance in different forms [13] , including: (1) a simple Gaussian-like beam "dot" [14, 15, 16] "revolves" around an offset central axis in time, and (2) a LaguerreGaussian (LG ℓ, ) beam with a helically "twisting" phase front [17, 18] that "rotates" around its own central null in time. In this paper, we numerically generate dynamic spatiotemporal beams that combine these two forms of orbital-angular-momenta by coherently adding multiple frequency comb lines such that each carries a superposition of multiple LG ℓ, modes containing one ℓ value but multiple values. The generated beams can have different non-zero rotating ℓ values with high modal purities that exhibit both "rotation" and "revolution" in time at a given propagation distance. In our simulation results, we were able to control and vary several parameters, including the: (i) rotating ℓ value from +1 to +3 with modal purities of ~96%, (ii) revolving speed of 0.2-0.6 THz, (iii) beam waist of 0.15-0.5 mm, and (iv) revolving radius of 0.75-1.5 mm.
circular fashion, illuminating a ring shape [14, 15, 16] ; this OAM is similar to "revolution". A second form of momentum is a subset of Laguerre-Gaussian beams in which the phase front "twists" in the azimuthal direction as it propagates [17, 18] . The amount of OAM (ℓ) is the number of 2π azimuthal phase changes, and the beam rotates around its center with a ring-like vortex intensity profile (Fig. 1b1,c1 ). This second type of OAM is similar to "rotation". Indeed, the earth propagating around the sun exhibits both rotation around its "core" axis and revolution around an offset central "circular" axis [19] .
These two manifestations of momentum can occur in space during propagation, but yet the beam will appear "static" at any given point of propagation distance [20, 21, 22, 23, 24] . Another added layer of complexity would be the generation and propagation of a "dynamic" spatiotemporal beam, such that the beam simultaneously revolves and rotates in the x-y plane at a given propagation distance z. Prior art has produced novel beams by combining not only different structured beams on the same frequency [20, 21, 22, 23, 24] but also different beams located at different frequencies [14, 15, 16, 25, 26, 27, 28] . Indeed, advances in optical frequency combs have enabled much novelty in many applications [29] .
Specifically, it has been previously shown that a light beam can be created to exhibit unique dynamic features [14, 15, 16, 25, 26, 27, 28] , including the following: (a) a Gaussian-like beam "dot" that exhibits dynamic circular "revolution" at a given propagation distance by combining multiple frequency lines in which each line carries a different LG ℓ, mode (different ℓ but same ) [14, 15, 16] (Fig. 1b2,c2) ; (b) a Gaussian-like beam "dot" formed from multiple Hermite-Gaussian modes, each with a different frequency, such that the dot can dynamically move "up-and-down" in a linear fashion at a given propagation distance [28] ; (c) a light beam created by a pair of LG ℓ, modes with different ℓ and values at two different frequencies, such that it exhibits dynamic "rotation" around its center but no dynamic "revolution" around another axis at a given propagation distance [26] ; and (d) a combination of multiple frequency lines, each of which carries one LG ℓ, mode with a different pair of indices (ℓ, ) and can produce a light beam that exhibits dynamic "rotation" around its center (azimuthal dimension) as well as "in-and-out" linear radial movement at a given propagation distance [27] . A laudable goal would be to produce a more sophisticated beam that can dynamically rotate and revolve at a given point in space.
In this paper, we numerically generate a revolving LG ℓ,0 beam combining two independent and controllable orbital-angular-momenta using multiple optical frequency comb lines, with each carrying a superposition of multiple LG ℓ, modes containing one unique ℓ value but multiple values (Fig. 1b3,c3) . By varying the rotating ℓ value, revolving speed, revolving radius, and beam waist, we showed via simulation that we were able to control not only the spatiotemporal beam's helically "twisting" phase front as well as its dynamic, twodimensional (2D) motion of "rotation" and "revolution" at a given propagation distance.
One example of such a beam propagation is an LG ℓ, beam with = 0 rotating around its own central core while it also revolves around another offset central axis. We defined the revolving speed, fr revolutions/sec (or 
where LG ℓ , ( , , , ) ( = 1, 2, … , ) is the electrical field of the LG ℓ , beam; , is the complex coefficient weight; is the angular frequency; is the initial phase delay; and ( , , , ) are the coordinate and time, respectively. By choosing the angular frequency, spatial pattern, and complex coefficients, a "structured" beam with unique dynamic spatiotemporal properties can be generated.
By way of example, we simulated the dynamic motion of an .
We characterized the beam's spatial spectrum using the amplitude and phase of the complex coefficients ℓ, for each LG ℓ, mode (Fig. 2b) . Moreover, we mapped the spatial spectrum onto the frequency spectrum based on the linear correlation between the mode index ℓ and the angular frequency ℓ (Fig. 2a) . Specifically, we calculated the total power on each frequency comb line using the total power of the superposition of
(see supplementary Fig. S1 for the spatial patterns on selected frequency lines).
Additionally, the phase front and envelope (equi-amplitude surface) structures of such a beam were simulated, in which the mode purity of the generated revolving LG 3,0 beam was ~ 96% (see Fig. 2d and Methods). As shown in Fig. 2e , the dynamic helical phase front and envelope indicated that the beam exhibited both dynamic "rotation" and "revolution" at a given distance.
The light beam exhibits both dynamic "rotation" and "revolution" due to the coherent interference among the multiple frequency comb lines, each of which carries a superposition of multiple LG ℓ, modes. First, such a coherent interference results in a "twisting" phase front of exp( ℓ ) in a circle around an intensity null, leading to a Poynting vector with a non-zero azimuthal component. Because a light beam propagates along the Poynting vector in free space, it exhibits dynamic "rotation" at a given propagation distance [18] . Second, the interferogram of multiple LG ℓ, modes with different ℓ values on a single frequency is an azimuthal mode, such that introducing a constant relative phase delay of ∆ between neighbouring LG ℓ, modes (i.e., ∆ℓ = 1)
will rotate the azimuthal mode by an angle of ∆ [30] . Because the generated beam can be regarded as "dynamic"
interferogram of multiple LG ℓ, modes with different ℓ values located on multiple frequencies, where ℓ = 2 ( 0 + ℓ∆ ), there will be a time-variant relative phase delay of 2 ∆ between the so-called neighbouring LG ℓ, modes. Therefore, the light beam also exhibits dynamic "revolution" at a given propagation distance.
We showed that these two momenta can be independently and separately controlled by tuning the revolving speed and the rotating ℓ values of different revolving LG ℓ, beams, which are associated with the "revolution"
and "rotation", respectively (Fig. 3) . We investigated the cases for a revolving LG ℓ,0 beam (i) revolving clockwise at a speed of 0.2 THz and carrying a rotating ℓ value varied from 1 to 3 (Fig. 3a1,a2,a3 ), or (ii)
carrying the same rotating ℓ = 3 value and revolving at a speed varied from 0.2 THz to 0.6 THz ( for details). Second, the LG ℓ,0 beam revolves at a speed equal to the frequency spacing ∆ . Moreover, the
LG ℓ,0 beams can be tuned to revolve counter-clockwise if we flip the sign of the ℓ value of each LG ℓ, mode carried by the frequency comb lines [14, 15] .
Furthermore, we investigated the quality of the dynamic spatiotemporal beam as it relates to the frequency comb spectrum. Figures 4a,b ,c show the relationship between the power distribution on light beams with different rotating ℓ values and the number of selected frequency comb lines. Figure 4b shows that when the number of comb lines is selected to be < 10, the power coupling to the light beams with the rotating ℓ ≠ 3
value is > -5 dB and the mode purity of the generated revolving LG 3,0 beam is < 50%; while when the number of comb lines is > 40, the power coupling is < -12 dB and the mode purity is > 95%. We can see from beam waist, or (iii) higher rotating ℓ value. These relationships can be understood by using a Fourier transformation: Looking at the "dynamic" azimuthal mode (the generated spatiotemporal beam) at a given time, it can be described a superposition of multiple LG ℓ, modes with different azimuthal index ℓ values [30] .
As the light beam's (i) revolving radius increases, (ii) beam waist decreases, or (iii) rotating ℓ value increases, the azimuthal mode will have a smaller azimuthal feature; thus the number of comb lines increases after applying a Fourier transformation from the azimuthal spatial domain to the frequency domain [30] .
Methods

Additional simulation details
The electrical field of an LG ℓ, mode can be described by [18] : We numerically generated the spatiotemporal beam in three steps: (i) we first calculated the complex spatial mode distribution of a stationary LG ℓ,0 beam centered at ( , ) = (− , 0) by decomposing its electrical field into an LG ℓ, mode basis centered at ( , ) = (0,0). The frequency is 0 , the revolving radius is , = 0, and = 0; (ii) we then coherently combined all the spatial modes with the same ℓ value but different values to obtain the spatial pattern of the frequency line at ℓ = 2 ( 0 + ℓ∆ ), where ∆ is the revolving speed; (iii)
we calculated the electrical field of the revolving LG ℓ,0 beam by coherently combining the electrical fields of all the frequency comb lines. We only considered the cases in which the frequency separation ∆ is a constant and the center frequency is 193.5 THz. In our simulation model, there are 500 × 500 pixels with a 6-μm pixel size in the ( , ) plane, and 400 pixels with a 12.5-fs pixel size in time.
Mode purity calculation
Considering that the observed intensity and phase profiles of the generated revolving LG ℓ,0 beams remain relatively invariant if an observer moves dynamically with the revolving beams (Fig. 2e) , we calculated the mode purity as the normalized power weight coefficients of the generated spatiotemporal beam at time = 0 and distance = 0 using | ℓ | 2 = | ∬ 1 ( , ) 2 * ( , ) | 2 [10] , where 1 ( , ) is the generated electrical field of the generated spatiotemporal beam, and 2 ( , ) is the electrical field of a stationary pure
LG ℓ,0 beam with its center overlaps with the generated beam. Here, the calculated mode purity represents the ratio between the power on the spatiotemporal beam with the desired rotating ℓ value and the total power of the generated beam. Each frequency comb line carries a superposition of multiple LG ℓ, modes with one ℓ value but multiple values.
As shown in Fig. S1 , we calculated the electrical fields of the selected frequency lines at distance = 0 and time = 0 by using ∑ ℓ, LG ℓ, ( , , 0, ℓ ) 25 =0 for generating the spatiotemporal beam in Fig. 2 . As expected, each frequency line has a unique "twisting" phase profile. The azimuthal ℓ values carried by the spatial pattern located on the 10 th to 45 th frequency lines are -20, -15, -10, -5, 0, +5, +10, and +15, respectively, which ensures that the ℓ value is proportional to . Moreover, each frequency comb line carries a superposition of LG ℓ, with multiple values, which results in a unique radial intensity and phase distribution along the radial direction. We can see that some frequency comb lines have a multiple-concentric-ring intensity profile, and that the phase changes by between neighboring rings along the radial direction. Here, we first simulated the spatial mode distributions for generating revolving LG 1,0 and LG 2,0 beams and an array of four revolving LG ℓ,0 beams. Figure S2 shows that in order to change the rotating ℓ value of the generated revolving LG ℓ,0 beam, we needed to change both the amplitude and phase of the complex coefficients ℓ, of the spatial LG ℓ, mode distribution used for superposition. For generating a revolving
LG ℓ,0 beam with a non-zero rotating ℓ value, the spatial LG ℓ, mode distribution resembles a "heart" shape, which is then split into a number of ℓ main parts. As in the case of generating an array of revolving LG ℓ,0 beams with multiple ℓ values, there are several horizontal "noisy" lines in the "heart" shape, and most of its power is limited in a smaller number of LG ℓ, modes (Fig. S2c) . We also showed the dependence of the revolving speed of the generated revolving LG 3,0 beam on the frequency spacing ∆ , as shown in Fig. S2d .
The revolving speed was tuned from 0.2 THz to 0.7 THz, which is equal to the frequency spacing ∆ . Figure S3 . Effect of the frequency spectrum shaping on the normalized power distributions of light beams with different rotating ℓ values; all these frequency comb lines are used for generating a revolving LG 3,0 beam.
(a4) is the same one in Fig. 2 in the letter.
